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For a particular type of k-essence scalar field, the k-essence emergent gravity metric is exactly
mapped on to the Barriola-Vilenkin (BV) type metric for Schwarzschild background established by
Gangopadhyay and Manna. Based on the S. Chandrasekhar, we report the exciting features of the
time-like geodesic structure in the presence of dark energy in an emergent gravity scenario for this
Barriola-Vilenkin type metric. We trace the different kinds of trajectories for time-like geodesic
in the presence of dark energy for the k-essence emergent Barriola-Vilenkin spacetime, which are
same with the Schwarzchild spacetime in view of the basic orientation, but the allowed ranges of
the aphelion and perihelion distances are much more different. The bound and unbound orbits are
plotted for a fixed value of the dark energy density.
I. INTRODUCTION
The time-like geodesic structures of the Schwarzschild
spacetime have been discussed in detail by S. Chan-
drasekhar in his book [1], (chapter-3, sections 19). He has
also discussed the orbital structures of the bound and un-
bound orbits with figures. Also in [2], authors have stud-
ied the geodesic structures for the Schwarzschild anti-de
Sitter spacetime. They evaluated radial and non-radial
trajectories for time-like and null geodesics. They also
have shown that the geodesic structures of this black hole
presents new types of motion which is not allowed by the
Schwarzschild spacetime. The geodesic structure of the
Schwarzschild spacetime also discussed in [3]
Barriola and Vilenkin established the solution for Ein-
stein equation outside the monopole core [4], where a
global monopole falls into a Schwarzschild black hole the
resulting black hole carries the global monopole charge.
In [5], based on the Dirac-Born-Infeld (DBI) model [6–8]
of the k-essence theory [9–13], the authors have shown
that for a particular configuration of k-essence scalar
field (φ) the emergent gravity metric G¯µν is confor-
mally equivalent to the Barriola-Vilenkin (BV) metric for
Schwarzschild background where global monopole charge
replaced by the constant kinetic energy (φ˙2 = K) of the
k-essence scalar field. The emergent gravity metric (G¯µν)
is not conformally equivalent to the gravitational met-
ric (gµν). The Lagrangian contains non-canonical kinetic
terms for the k−essence scalar fields. The general form of
the lagrangian for k−essence model is: L = −V (φ)F (X)
where X = 12g
µν∇µφ∇νφ and it does not depend ex-
∗ bivashmajumder@gmail.com
† goutammanna.pkc@gmail.com
‡ ashoke.avik@gmail.com
plicitly on φ to start with [5, 9–15]. The difference be-
tween the k-essence theory with non-canonical kinetic
terms and the relativistic field theories with canonical ki-
netic terms is that the nontrivial dynamical solutions of
the k-essence equation of motion not only spontaneously
break Lorentz invariance but also change the metric due
to the perturbations around these solutions. So the per-
turbations propagate in the emergent or analogue curved
spacetime [9–13] with the metric different from the grav-
itational one.
In this work, we investigate the time-like geodesic
structures for the k-essence emergent Barriola-Vilenkin
(BV) type spacetime in the presence of dark energy based
on the Ref. [1].
The paper is organized as follows: firstly, we have
briefly described the k-essence theory and emergent grav-
ity where the metric G¯µν contains the dark energy field
φ and it should satisfy the emergent gravity equations of
motion in section-2. Again, for G¯µν to be a black hole
metric, it has to satisfy the Einstein field equations. In
section 3, we describe the geodesics of the BV type emer-
gent spacetime. In section-4, we detail discuss the struc-
ture of the time-like geodesic of the Barriola-Vilenkin
type emergent spacetime including bound and unbound
orbits. The last section is the conclusion of our work.
II. REVIEW OF K-ESSENCE THEORY AND
EMERGENT GRAVITY
In this section, we present a short review of the k-
essence theory and construction of the effective emergent
metric. The k-essence scalar field φ minimally coupled to
the background spacetime metric gµν has action [9]-[13]
Sk[φ, gµν ] =
∫
d4x
√−gL(X,φ) (1)
2where X = 12g
µν∇µφ∇νφ. The energy-momentum ten-
sor is
Tµν ≡ 2√−g
δSk
δgµν
= LX∇µφ∇νφ− gµνL (2)
LX =
dL
dX , LXX =
d2L
dX2 , Lφ =
dL
dφ and ∇µ is the covari-
ant derivative defined with respect to the gravitational
metric gµν . The scalar field equation of motion is
− 1√−g
δSk
δφ
= Gµν∇µ∇νφ+ 2XLXφ − Lφ = 0 (3)
where
Gµν ≡ cs
L2X
[LXg
µν + LXX∇µφ∇νφ] (4)
and 1 + 2XLXXLX > 0 with c
2
s(X,φ) ≡ (1 + 2X LXXLX )−1.
The inverse metric of Gµν is
Gµν =
LX
cs
[gµν − c2s
LXX
LX
∇µφ∇νφ]. (5)
Making a conformal transformation [5, 16, 17] G¯µν ≡
cs
LX
Gµν gives
G¯µν = gµν − LXX
LX + 2XLXX
∇µφ∇νφ (6)
Here LX 6= 0 for c2s to be positive definite and only then
equations (1)− (4) will be physically meaningful.
Generally, the emergent gravity metric Gµν is not con-
formally equivalent to the gravitational metric gµν . So φ
has properties different from canonical scalar fields, with
the local causal structure also different from those de-
fined with gµν . Further, if L is not an explicit function
of φ then the equation of motion (3) reduces to;
− 1√−g
δSk
δφ
= G¯µν∇µ∇νφ = 0 (7)
Now we take a particular type of the DBI Lagrangian
[5, 16, 17],[6]-[8] as
L(X,φ) = 1− V (φ)
√
1− 2X (8)
with V (φ) = V = constant and kinetic energy of φ >>
V i.e.(φ˙)2 >> V . This is typical for the k-essence fields
where the kinetic energy dominates over the potential
energy. Then c2s(X,φ) = 1−2X . For scalar fields ∇µφ =
∂µφ. Thus (6) becomes
G¯µν = gµν − ∂µφ∂νφ (9)
III. GEODESICS FOR THE BV TYPE
EMERGENT SPACETIME
In [5], the authors have established that for the gravi-
tational metric gµν is to be Schwarzschild, the emergent
metric G¯µν (9) is exactly mapped on to the Barriola-
Vilenkin type metric for a particular type of the k-essence
scalar field with the global monopole charge is replaced
by the constant kinetic energy of the scalar field. The
k-essence emergent BV type metric is [5]
ds2 = (1 − 2GM
r
−K)dt2 − 1
(1− 2GMr −K)
dr2
−r2dθ2 − r2sin2θdΦ2
= (β − 2GM
r
)dt2 − dr
2
(β − 2GMr )
− r2dθ2 − r2sin2θdΦ2
(10)
where β = (1−K) and K is the constant kinetic energy
of the k-essence scalar field i.e., the dark energy density
in unit of critical density [5, 16, 17] which have values
0 < K < 1 and the solution of this k-essence scalar field
[5] is φ(r, t) = φ1(r) + φ2(t) =
√
K[r + 2GM ln(r −
2GM)]+
√
Kt. Here mention that though in this form of
k-essence scalar field violets the Lorentz invariance but
the k-essence theory admits this violation.
The geodesics equation [1–3] in the Barriola-Vilenkin
type emergent spacetime (10) can be derived from the
Lagrangian
2L = (β − 2GM
r
)t˙2 − 1
(β − 2GMr )
r˙2 − r2θ˙2 − (r2sin2θ)Φ˙2
(11)
where t˙ = dtdτ , r˙ =
dr
dτ , θ˙ =
dθ
dτ , Φ˙ =
dΦ
dτ , τ is to be
identified with the proper time. The momenta associated
with this Lagrangian are
pt =
δL
δt˙
= (β − 2GM
r
)t˙,
pr = −δL
δr˙
=
1
(β − 2GMr )
r˙,
pθ = −δL
δθ˙
= r2θ˙,
pΦ = − δL
δΦ˙
= r2sin2θΦ˙
The Hamiltonian is
H = pµx˙µ − L = ptt˙− (prr˙ + pθθ˙ + pΦΦ˙)− L = L
(12)
The equality of Hamiltonian and Lagrangian of above
equation implies that the Lagrangian (11) is purely ki-
netic. So there is no potential energy contribution in
the problem which is also agree with the k-essence the-
ory since in this theory, the contribution of the kinetic
energy part is dominated over the potential energy i.e.,
3K.E. >> P.E.. The constancy of the Hamiltonian and
Lagrangian implies that H = L = constant.
By rescaling the affine parameter τ , we shall consider
2L = +1 for time-like geodesic and 2L = 0 for null
geodesics. Here we shall not consider null geodesics and
space-like geodesics.
As a consequence of the static, spherically symmet-
ric nature of the metric, the Lagrangian (11) does not
depend on t and Φ. Thus the equations of motion are,
p˙t = 0, p˙Φ = 0, this implies
pt = (β − 2GM
r
)t˙ = constant = E(say) (13)
and
pΦ = r
2sin2θΦ˙ = constant (14)
again from the equation of motion,
p˙θ = −δL
δθ
⇒ d
dτ
(r2θ˙) = (r2 sin θ cos θ)Φ˙2 (15)
Our object and metric are spherically symmetric we can
simplify things by only considering motion in the equa-
torial plane θ = pi2 and θ˙ = 0. Then equation (14) gives
pΦ = r
2Φ˙ = constant = L (say) (16)
where L denotes the angular momentum about an axis
normal to the invariant plane. By the equation (13) and
(16), we have t˙ = E
β− 2M
r
and Φ˙ = Lr2 . Substituting these
values in (11), the Lagrangian can be rewritten as
2L = E
2
β − 2Mr
− r˙
2
β − 2Mr
− L
r2
(17)
IV. TIME-LIKE GEODESIC FOR THE BV
TYPE EMERGENT SPACETIME
For time-like geodesics (2L = +1), equation (17) can
be written as
r˙2 = E2 −
(
1 +
L2
r2
)(
β − 2M
r
)
(18)
and
dΦ
dτ
=
L
r2
(19)
Substituting (19) into (18), we obtain the equation(
dr
dΦ
)
= (E2 − β) r
4
L2
+
2M
L2
r3 − βr2 + 2Mr (20)
Now we consider
u =
1
r
(21)
Then the equation (20) transformed to(
du
dΦ
)2
= 2Mu3 − βu2 + 2M
L2
u− β − E
2
L2
(22)
implies(
du
dΦ
)2
= β
[
2M¯u3 − u2 + 2M¯
L2
u− 1− E¯
2
L2
]
(23)
where M¯ = Mβ and E¯ =
E√
β
. From the equations (19)
and (21)
dτ
dΦ
=
1
Lu2
(24)
with help of the above equation and (13), we can write
dt
dΦ
=
E¯√
β(1− 2M¯u) .
1
Lu2
(25)
The geometry of the geodesics in the invariant plane shall
be obtained by solving the basic equation (23) and the
equations (24) and (25).
A. The radial Geodesics
The radial geodesics correspond to the motion of the
particles without angular momentum (L = 0) which start
from rest at some finite distance r = ra and fall towards
the centre. The equations (13) and (18) transformed to
dt
dτ
=
E¯√
β(1− 2M¯u) (26)
and (
dr
dτ
)2
= β
[
2M¯u− (1− E¯2)] (27)
Clearly r˙ = 0 at r = ra. Therefore from the equation
(27)
ra =
2M¯
1− E¯2 (28)
Let us take the substitution
r =
M¯
1− E¯2 (1 + cos η) = ra cos
2 η
2
(29)
Therefore, η = 0 when r = ra; η = π at the singularity
(r = 0) and η = ηH = 2 sin
−1(E¯) when r crosses the
horizon r = 2M¯ = 2Mβ .
So the equations (26) and (27) becomes
dt
dτ
=
E¯ cos2(η/2)√
β[cos2(η/2)− cos2(ηH/2)]
(30)
and (
dr
dτ
)2
= β(1 − E¯2)tan2(η/2) (31)
4Using the equations (28), (29) and (31) and considering
infalling particles we get
dτ
dη
=
1√
β
(
r3a
8M¯
) 1
2
(1 + cos η) (32)
Therefore,
τ =
1√
β
(
r3a
8M¯
) 1
2
(η + sin η) (33)
Here, we assumed that τ = 0 at η = 0 (i.e., at r =
ra). From previous equation (33), we can say that the
particles crosses the horizon (r = ra) and arrives at the
singularity (r = 0) at the finite proper times,
τH =
1√
β
(
r3a
8M¯
) 1
2
(ηH + sin ηH) (34)
and
τ0 =
π√
β
(
r3a
8M¯
) 1
2
. (35)
Again from the equations (30) and (32) and integrating
we get
tkBV =
E¯
β
(
r3a
2M¯
) 1
2
[
1
2
(η + sin η) + (1− E¯2)η
]
+
2M¯
β
ln
(
tan ηH2 + tan
η
2
tan ηH2 − tan η2
)
(36)
This shows that t→∞ as η → ηH − 0 i.e., a particle will
take an infinite time to reach the horizon with respect to
an observer stationed at infinity, even though the particle
will cross the horizon in a finite time by its proper time
and again it will take finite proper time to reach the
singularity.
The usual time in the radial geodesic for Schwarzschild
space time is [1]
tSch = E
(
r3a
2M
) 1
2
[
1
2
(η + sin η) + (1− E2)η
]
+2M ln
(
tan ηH2 + tan
η
2
tan ηH2 − tan η2
)
(37)
where r = M1−E2 (1 + cos η) = ra cos
2 η
2 and ra =
2M
1−E2 .
The above two equations (36) and (37) shows that tkBV >
tSch since K has values (0 < K < 1), so β also the same
range as 0 < β < 1.
B. Bound Orbits (E¯2 < 1)
In this case, we shall restrict ourselves to bound orbits
(E¯2 < 1), the governing equation [1] (23) is
f(u) = β2M¯
(
u3 − 1
2M¯
u2 +
1
L2
u− 1− E¯
2
2M¯L2
)
(38)
where
f(u) =
(
du
dΦ
)2
. (39)
Let the roots of the cubic equation f(u) = 0 are u1, u2
and u3, then we have
u1 + u2 + u3 =
1
2M¯
(40)
u1u2 + u2u3 + u3u1 =
1
L2
(41)
u1u2u3 =
1− E¯2
2M¯L2
(42)
We have, when u = 0, then f(u) < 0 and when u→ ±∞
then f(u)→ ±∞. Further by our assumption (E¯2 < 1),
the equation f(u) = 0 have no negative roots and it must
have at least one positive roots. For every pair of values
E¯ and L, this leads to five different cases as discussed in
the following cases
Case (α): All the three roots are positive and distinct.
Here we shall take 0 < u1 < u2 < u3.
Case (β): All the three roots are positive and two of
the three roots are equal. Here we shall take 0 < u1 =
u2 < u3.
Case (γ): All the three roots are positive and two of
the three roots are equal. Here we shall take 0 < u1 <
u2 = u3.
Case (δ):All the three roots are positive and equal.
Here we shall take 0 < u1 = u2 = u3.
Case (ǫ): One root is positive and two roots are
complex-conjugate pair. Here we shall take 0 < u1 and
u2, u3 are complex-conjugate pair .
These cases can also be described by interpreting
V 2eff = β
(
1 +
L2
r2
)(
1− 2M¯
r
)
(43)
as effective “Potential Energy”, which occurs from the
equation (18).
Fig-1 shows that the minima in the potentials for the
different values of L/M¯ correspond to the stable circu-
lar orbits while the maxima correspond to the unstable
circular orbits. Note that this figure is similar with the
Schwarzschild case [1] except the β term.
Throughout this paper, we consider the value of K i.e.
dark energy density in unit of critical density [18–21] is
approximately 0.7 i.e. β = 0.3.
1. Orbits of First Kind
The orbits of the first kind are the relativistic ana-
logues of the Keplerian orbits and to which they tend
in the Newtonian limits which occurs in the cases
(α), (β), (γ) and (δ). It can be parametrized by an ec-
centricity e where (0 ≤ e < 1) and a latus rectum l
(some positive constant).
5FIG. 1. (Color online) The effective potentials for different
time-like trajectories for β = 0.3 with respective to the dif-
ferent values of L/M¯ . Each dotted point in the figure is the
minima of the corresponding potential.
Let
u1 =
1
l
(1 − e), u2 = 1
l
(1 + e), u3 =
1
2M¯
− 2
l
(44)
where 0 < u1 ≤ u2 ≤ u3.
Now by defining µ = M¯l and considering u2 ≤ u3, we
have
1− 6µ− 2µe ≥ 0. (45)
Also using (40), (41) and (42) we have
1
L2
=
1
M¯l
[
1− µ(3 + e2)] ; (46)
1− E¯2
L2
=
1
l2
(1− e2)(1− 4µ) ; (47)
µ <
1
3 + e2
; (48)
µ <
1
4
; (49)
E¯2
L2
=
1
M¯l
[
(1 − 2µ)2 − 4µ2e2] . (50)
Now let us take the substitution
u =
1
l
(1 + e cosχ) (51)
Then we have at aphelion u = (1−e)l , χ = π and at
perihelion u = (1+e)l , χ = 0 [1].
Then from the equation (38),(
dχ
dΦ
)2
= β(1− 6µ+ 2µe)[1− k2cos2(χ/2)] (52)
and Φ can be expressed in terms of the Jacobian Elliptic
Integral
F (Ψ, k) =
∫ Ψ
0
1√
1− k2 sin2 ν
dν
where Ψ = 1pi (π − χ),
Φ =
2√
β(1− 6µ+ 2µe) 12 F (
π
2
− χ
2
, k) (53)
where
k2 =
4µe
(1 − 6µ+ 2µe) ≤ 1 (54)
and at aphelion, χ = π and at perihelion, χ = pi2 .The
different orbits of first kind traced in Fig-2 (a), (b) and
(c) with eccentricity e = 12 , M =
3
14 , β = 0.3, and
various latus rectums l = 36, 25 and 10 respectively on
the basis of the equations (51 and 53) for E¯2 < 1.
Therefore from the equations (24) and (25), the periods
( measured in co-ordinate time and in proper time ) in
terms of the Newtonian period are
τ =
√
β
2π
TNewton(1− e2)3/2
[
1− µ(3 + e2)]1/2
×
∫ pi
χ
dχ(1 + e cosχ)−2 [1− 2µ(3 + e cosχ)]−1/2 (55)
and
t =
1
2π
TNewton(1− e2)3/2
[
(2µ− 1)2 − 4µ2e2]1/2∫ pi
χ
dχ(1 + e cosχ)−2[1− 2µ(1 + e cosχ)]−1
×[1− 2µ(3 + e cosχ)]−1/2
(56)
where TNewton =
(
4pi2l3
(1−e2)3GM
)1/2
[1].
Now we illustrate two special cases:
i) Circular Orbits (e = 0)
In this case, we consider the two roots , u1 and u2 are
equal (i.e., e = 0 ). Then the orbit is a circular with the
radius l = rc (say). From the equations (46) and (50),
M¯
L2 =
1
rc
(1 − 3M¯rc ) and
M¯E¯2
L2 =
1
rc
(2M¯rc − 1)2, combining
them, we get
rc =
L2
2M¯
[
1±
√
1− 12M¯
2
L2
]1/2
. (57)
Therefore there is no possibility of circular orbit L/M¯ <
2
√
3 and also rc = 6M¯ and E¯
2 = 8/9 for the minimum
value of L/M¯(= 2
√
3).
6Now for L/M¯ > 2
√
3, the larger root of (57) locates
the minimum of the potential-energy curve Veff (r) which
is defined by equation (43) and the smaller root locates
the maximum of the potential-energy curve. Thus the
circular orbit of larger radius (6M¯ < rc < ∞) will be
stable and the circular orbit of smaller radius (3M¯ ≤
rc ≤ 6M¯) will be unstable.
The periods of one complete revolution of these kinds
of circular orbits
τPeriod = TNewton
√
β
(
1− 3µ
1− 6µ
)1/2
(58)
and
tPeriod = TNewton
1
(1− 6µ)1/2 (59)
therefore, tPeriod → ∞ when rc → 6M¯ since µ = M¯l =
M¯
rc
.
ii) Asymptotic orbits (2µ(3 + e) = 1)
Here we consider the two roots u2 and u3 are equal
(i.e., 2µ(3 + e) = 1), here (0 < e ≤ 1). Therefore, using
equation (44) the perihelion (rp) and the aphelion (rap)
distances are
rp = 2M¯
3 + e
1 + e
(60)
and
rap = 2M¯
3 + e
1− e (61)
For these kind of orbits, the perihelion distances are re-
stricted to the range 4M¯ ≤ rp < 6M¯ .
From the equations (46) and (50), we have M¯
2
L2 =
(3−e)(1+e)
4(3+e)2 and 1 − E¯2 = 1−e
2
9−e2 . Then the equation (52)
become (
dχ
dΦ
)2
= 4µeβsin2(χ/2) (62)
or
dχ
dΦ
= −2(µeβ)1/2.sin(χ/2) (63)
Here we have chosen negative value as Φ may increase
when χ decreases from its aphelion value π to its per-
ihelion value 0. And the solution of the equation (63)
becomes
Φ = − 1√
βµe
log(tan
χ
4
) (64)
This shows that Φ = 0 when χ = π and Φ→∞ as χ→ 0
and therefore the orbits asymptotically approaches to the
perihelion by spiraling around it an infinite number of
times in the counter-clockwise direction as shown in Fig-
2 (d) where we consider the eccentricity e = 12 , latus
rectum l = 5, M = 314 and β = 0.3 on the basis of the
equation (64) and (51).
iii) The post-Newtonian approximation (µ is a
very small quantity)
The Keplerian orbits of the Newtonian theory can be
obtained from equation (52) considering µ is very small.
Then expanding the equation (52) to the first order of µ,
we get
−dΦ =
√
β[1 + µ(3 + e cosχ)]dχ (65)
or, in integrating,
−Φ =
√
β(1 + 3µ)χ+
√
βµe sinχ+ C (66)
where C is an integrating constant.
From the above equation (66), after one complete rev-
olution during which χ changes by 2π, the change in Φ is
2π
√
β(1 + 3µ). Therefore, the advance in the perihelion
(∆Φ) per revolution is
∆Φ = 6π
√
βµ = 6π
√
β
M¯
l
= 6π
√
β
M¯
a(1− e2) (67)
where a denotes the semi-major axis of the Keple-
rian ellipse. These above results are different from the
Schwarzschild case in the presence of term β.
2. Orbits of Second Kind
The orbits of second kind starts at a certain aphelion
distance (u−13 ) and plunges into singularity at r = 0 [1].
These kind of orbits have no Newtonian analogues. From
the equation (40), we observe that all these kind of orbits
start outside the horizon since u1 + u2 > 0 and u3 <
1/2M¯ .
We now make the substitution
u =
(
1
2M¯
− 1
l
)
+
(
1
2M¯
− 3 + e
l
)
tan2 ξ/2 (68)
in the governing equation (39), which gives(
dξ
dΦ
)2
= β(1 − 6µ+ 2µe)(1− k2sin2(ξ/2)) (69)
or
Φ =
2√
β(1 − 6µ+ 2µe)F
(
ξ
2
, k
)
(70)
by this substitution, at aphelion , u3 =
(
1
2M¯
− 2l
)
, when
ξ = 0 and Φ = 0; at singularity u→∞ when ξ → π and
Φ takes the finite value
Φ0 =
2√
β(1 − 6µ+ 2µe)K(k) (71)
where K(k) denotes the complete elliptic integral
K(k) =
∫ pi/2
0
1√
1− k2 sin2 ν
dν (72)
and k2 as the same value of (54).The different orbits of
second kind are traced in Fig-2 (a), (b) and (c) with
7eccentricity e = 12 , M =
3
14 , β = 0.3 and various latus
rectum l = 36, 25 and 10 respectively on the basis of
the equation (68) and (70) for bound orbits. Again we
consider the two cases:
i) The case e = 0:
In this case, k2 = 0 and
Φ =
ξ
(
√
β(1 − 6µ) + Φc (73)
where Φc is a constant of integration and the solution for
u is
u =
1
l
+
(
1
2M¯
− 3
l
)
sec2
[
1
2
√
β(1− 6µ)(Φ− Φc)
]
(74)
Here the orbits is not a circle. The range of the aphe-
lion distances is 3M¯ ≤ u−13 ≤ 6M¯ . When Φ = Φc, this
kind of orbit starts at an aphelion distance u−13 and when
Φ = pi√
β(1−6µ) + Φc, it arrives at the singularity (r = 0)
after circling one or more times depending on how close
µ to 16 and the circle at u
−1
3 is the envelope of these so-
lutions, so that circular orbit is a singular solution of the
equation of motion. An example of this kind of orbit is
shown in Fig-2 (e) with eccentricity e = 0, latus rectum
l = 92 , M =
3
14 and β = 0.3 for bound orbits.
Now if we consider e = 0 and µ = 16 , then all the roots
of the equation f(u) = 0 coincides and u1 = u2 = u3 =
1
6M¯
and the general solution of the governing equation
(39) is
u =
1
6M¯
+
2
βM¯(Φ− Φc)2 (75)
This orbit approaches to the circle at 6M¯ , asymptoti-
cally, by spiraling around it an infinite number of times
as shown in Fig-2 (f) with eccentricity e = 0, µ = 16 ,
M = 314 , β = 0.3 and φc = 0.1 on the basis of the equa-
tion (75).
ii) The case 2µ(3 + e) = 1: For this case, since the
coefficient of tan2(ξ/2) vanishes in (68), we must consider
the substitution
u =
1
l
(
1 + e+ 2e tan2
ξ
2
)
. (76)
By this substitution, we have u = u2 = u3 =
1+e
l when
ξ = 0 and u → ∞ when ξ = π. From the equation (39),
we obtain (
dξ
dΦ
)2
= β 4µe sin2(ξ/2) (77)
or
Φ = − 1√
βµe
ln(tan
ξ
4
) (78)
which is exactly the same equation (64). Therefore this
orbit, Φ = 0 when ξ = π and Φ → ∞ when ξ → 0.
Thus the orbit approaches the circle at r = l1+e , asymp-
totically, by spiraling around it (in the counter-clockwise
direction) an infinite number of times. This behaviour is
same as of the orbit of the first kind as shown in Fig-2
(d).
3. Orbits with imaginary eccentricities
In this case, we are considering, the one positive real
root and two imaginary roots of the equation f(u) = 0.
Let the roots are u1 =
1
2M¯
− 2l , u2 = 1+iel and u3 = 1−iel
where e > 0.
Then from the equation (40), (41) and (42)
1
L2
=
1
M¯l
[
1− µ(3− e2)] (79)
1− E¯2
L2
=
1
l2
(1 + e2)(1 − 4µ) (80)
combining, we get
E¯2
L2
=
1
M¯l
[
(1− 2µ)2 + 4µ2e2] (81)
These show that l > 0 , µ < 14 and 1−3µ+µe2 > 0 since
E¯2 < 1. In addition, we cannot set the upper limit to e2.
And the range of u is 1
2M¯
− 2l ≤ u <∞.
Let us take substitution
u =
1
l
(
1 + e tan
ξ
2
)
(82)
in equation (39) we get(
dξ
dΦ
)2
= 2β [(6µ− 1) + 2µe sin(ξ) + (6µ− 1)cos(ξ)] .
(83)
The range of ξ is ξ0 ≤ ξ < π where tan ξ02 = − 6µ−12µe .
Then solution the equation (83) is
±Φ = 1√
∆β
∫ ψ 1√
1− k2 sin2 ν
dν (84)
where ∆2 = [(6µ − 1)2 + 4µ2e2], sin2 ψ =
1
∆+6µ−1 [∆− 2µe sin ξ − (6µ− 1) cos ξ] and k2 = 12∆ (∆+
6µ− 1).
Therefore it follows that sin2 ψ = 1 at aphelion (ξ =
ξ0) and at singularity (ξ = π). Moreover, sin
2 ψ = 0
when ξ = tan−1 2µe6µ−1 . Thus we can say that that the
range of ψ is −π/2 ≤ ψ ≤ π/2 when ξ0 ≤ ξ ≤ π.
Now assuming that Φ = 0 at the singularity where
ξ = π and ψ = π/2 the equation (84) becomes
Φ =
1√
Dβ
[K(k)− F (ψ, k)] (85)
8where K(k) denotes the complete elliptic integral and
F (ψ, k) denotes the incomplete Jacobian integral.
The value of Φ at aphelion where ξ = ξ0 and ψ = −π/2
is
Φap =
1√
Dβ
2K(k). (86)
The figures in Fig-2 (g) and (h) with latus rectum l = 3.5,
M = 314 , β = 0.3 and imaginary eccentricities e = 0.01i
and e = 0.1i respectively on the basis of the equation
(82) and (85) for bound orbits.
9FIG. 2. Timelike geodesic for the K-essence Emergent
Barriola-Vilenkin spacetime for bound orbits (i.e., E¯2 < 1)
and β = 0.3 : (a),(b) and (c): the different kinds of orbits of
First and Second Kind with real eccentricities ; (d): the orbits
are of First and Second kind with eccentricity e = 1
2
for the
particular case 2µ(3 + e) = 1; (e): the orbits are the circular
orbit for the case (e = 0 and µ = 1
6
) and the associated orbit
of Second kind; (f): the last unstable circular orbit; (g) and
(f) are the orbits with different imaginary eccentricities.
C. The Unbound Orbits (E¯2 > 1)
Here we shall restrict ourselves to unbound orbits
(E¯2 > 1), the governing equation (22) becomes
g(u) = 2M
(
u3 − 1
2M¯
u2 +
1
L2
u+
E¯2 − 1
2M¯L2
)
(87)
and
g(u) =
(
du
dΦ
)2
(88)
Let the roots of the cubic equation g(u) = 0 are u1, u2
and u3 , then
u1 + u2 + u3 =
1
2M¯
(89)
u1u2 + u2u3 + u3u1 =
1
L2
(90)
u1u2u3 = − E¯
2 − 1
2M¯L2
(91)
Now by our assumption (E¯2 > 1), the equation g(u) = 0
has exactly one negative root. This leads to the following
cases
Case (α): All the three roots are real with one negative
root and two positive root and distinct. Here we shall
take u1 < 0 and 0 < u2 < u3.
Case (β): All the three roots are real with one negative
root and two positive root and equal. Here we shall take
u1 < 0 and 0 < u2 = u3.
Case (γ): One root is negative and two roots are
complex-conjugate pair. Here we shall take u1 < 0 and
u2, u3 are complex-conjugate pair.
1. Orbits of First Kind and Second Kind
The orbits of the first and second kind occurs in the
cases (α) and (β). Here we are not bothered about the
calculation of the unbound orbits of the second kind as
they are same as the bound orbits of the second kind
with the only difference is e ≥ 1. When u2 = u3, the
two kinds of orbits coalesce as they approach a common
circle from opposite sides by spiraling round it an infinite
number of times asymptotically.
Let the roots are
u1 = −1
l
(e − 1), u2 = 1
l
(1 + e), u3 =
1
2M¯
− 2
l
(92)
where u1 < 0 and 0 < u2 ≤ u3 and e ≥ 1.
Again by defining µ = M¯l , we have
1− 6µ− 2µe ≥ 0 (93)
and using (89), (90) and (91), we have
1
L2
=
1
M¯l
[
1− µ(3 + e2)] (94)
E¯2 − 1
L2
=
1
l2
(e2 − 1)(1− 4µ) (95)
since L2 > 1 and E¯2 − 1 ≥ 0, we have
µ <
1
3 + e2
(96)
µ ≤ 1
4
(97)
Now the inequalities (93) and (96) ensure that the range
of e is 1 ≤ e < 3. Now let us take the substitution
u =
1
l
(1 + e cosχ) (98)
then the allowed range of χ is 0 ≤ χ < χ∞ where χ∞ =
cos−1(− 1e ). Therefore the solution of the equation (52)
is
Φ =
2√
β(1− 6µ+ 2µe) [K(k)− F (π/2− χ/2, k)]
(99)
where ψ = π/2 when χ = 0 and ψ = 12 cos
−1(1e ) =
ψ∞(say) when χ = χ∞ and k2 =
4µe
1−6µ+2µe . From the
equation (99), it can be explained that Φ = 0 when χ = 0
and
Φ =
2√
β(1 − 6µ+ 2µe) [K(k) − F (ψ∞, k)] = Φ∞(say)
(100)
when ψ = ψ∞.
Therefore these kind of orbit goes to infinity, asymp-
totically, along the direction Φ∞. In Fig-3 (a), (b) and
(c) , the orbits of first kind and second kind are traced
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with eccentricity e = 32 , M =
3
14 , β = 0.3 and various la-
tus rectums l = 15, 172 and
14
2 respectively on the basis of
the equations (99) and (98) for First kind and equations
(68) and (70) for Second kind.
In this context, if we consider the special case when the
two positive roots of g(u) = 0 are equal i.e., 2µ(3+e) = 1,
The equations (94) and (95) becomes
L2
M¯2
=
4(3 + e)2
(3− e)(1 + e) (101)
and
E¯2 − 1 = e
2 − 1
9− e2 . (102)
In this case the corresponding perihelion distance is
rp =
2M¯(3 + e)
1 + e
and the range of the perihelion distances is 3M¯ < rp ≤
4M¯ .
And the solution the equation (88) is
Φ = − 1√
βµe
log(tanχ/4) (103)
Thus we can say that the unbound orbit approaches the
circle at rp, asymptotically, by spiraling around it an
infinite number of times.
2. The orbits with imaginary eccentricities
In this case, we are considering, the one negative real
root and two imaginary roots of the equation g(u) = 0.
Let the roots are u1 =
1
2M¯
− 2l , u2 = 1+iel and u3 = 1−iel
where e > 0 and u3 < 0 .
Then from the equation (89), (90) and (91)
1
L2
=
1
lM¯
[
1− µ(3− e2)] (104)
E¯2 − 1
L2
=
1
l2
(1 + e2)(4µ− 1) (105)
These shows that µ ≥ 14 and 1 − 3µ + µe2 > 0. The
values of µ in the range 13 ≤ µ ≤ 14 , there is no restriction
on e2 but when µ > 13 , the necessary restriction for e
2 is
e2 > (3− 1µ ).
Let us take the same substitution as (82), we have
u = 0 when ξ = 2 tan−1(− 1e ) = ξ∞ (say), u < 0 when
ξ < ξ∞ and u → ∞ when ξ = π. Thus the range of ξ is
ξ∞ < ξ ≤ π. Apart from these changes from bound orbit
case, the solution of the equation (88) is
Φ =
1√
∆β
[K(k) − F (ψ, k)] (106)
where ∆2 = (6µ − 1)2 + 4µ2e2, sin2 ψ =
1
∆+6µ−1 [∆− 2µe sin ξ − (6µ− 1) cos ξ] and k2 = 12∆ (∆+
6µ− 1).
Therefore, Φ = 0 at ξ = π i.e. at ψ = π/2 and the
orbit goes to infinity when ξ = ξ∞ i.e., at ψ = ψ∞ where
sinψ∞ = 1∆+6µ−1
[
∆+ 6µ− 1− 2e2 4µ−1e2+1
]
. Lastly in
Fig-3 (d) and (e), we have traced the orbits with latus
rectum l = 3.3, M = 0.3, β = 0.3 and with imaginary
eccentricities e = 0.001i and e = 0.1i respectively on the
basis of the equations (106) and (82).
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FIG. 3. Timelike geodesic for the K-essence Emergent
Barriola-Vilenkin spacetime for unbound orbits ( i.e., E¯2 > 1)
and β = 0.3 : (a),(b) and (c) are the different kinds of orbits
of First and Second Kind with real eccentricities;(d) and (e)
are the orbits with different imaginary eccentricities.
V. CONCLUSION
We report the exciting features of the time-like
geodesic structure in the presence of dark energy in an
emergent gravity scenario for this Barriola-Vilenkin type
metric based on S. Chandrasekhar. In the presence of
the dark energy density (K) of the BV type spacetime,
for radial geodesic, the time taken for a particle cross the
horizon is greater than that of Schwarzschild spacetime
since K has values 0 < K < 1.
On exploring the existence of the bound orbits for
E <
√
β and the unbound orbits for E >
√
β, we have
completely evaluated the periods which are measured in
coordinate time and in proper time for the non-radial
bound orbits of the first kind in the case of time-like
geodesics.
For E <
√
β, no circular orbit is possible for L/M <
2
√
3β. The range of the perihelion distances for the
asymptotic orbits of first kind is 4M/
√
β ≤ rp ≤ 6M/
√
β,
while that of the aphelion distances for the orbits of
second kind with zero eccentricity is 3M/
√
β ≤ rap ≤
6M/
√
β. In the condition of E >
√
β, the equality of
the two positive roots of the equation g(u) = 0, for the
unbound orbits, makes the range of the perihelion dis-
tances 3M/
√
β < rp ≤ 4M/
√
β. All the ranges noted
here are much higher than those in the Schwarzschild
spacetime since 0 < β < 1. Albeit, the bound orbits of
imaginary eccentricity are starting from a finite aphelion
distance and the unbound orbits of imaginary eccentric-
ity are starting from infinity, they fall into the singularity.
Finally, we conclude that the basic structure of the tra-
jectories of both the bound and unbound orbits in the
k-essence emergent BV -type spacetime appears to be
same, as is seen in the case of Schwarzschild spacetime.
However, the allowed ranges of the aphelion and perihe-
lion distances for the bound and unbound orbits are much
higher in the k-essence emergent BV -type spacetime in
the condition, 0 < β < 1.
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